In this paper, the trajectory and kinetic energy of a charged particle, subjected to interaction from a laser beam 
Introduction
With the development of high power lasers, many new fron− tier research areas in both applied and fundamental physics have emerged. Among these, the study of the laser driven electron acceleration mechanism is a fast advancing area of scientific research [1, 2] . Plasma based acceleration mecha− nism results in production of a large amplitude of a plasma wave in different accelerators such as the plasma wake field accelerator [3] , the laser driven beat wave accelerator [4] , the laser wake field accelerator [5, 6] , laser driven plasma accelerator [7] , and the self−modulated LWFP [8, 9] . The possibility of laser acceleration of relativistic electrons have been extensively analyzed theoretically in the past [10] [11] [12] and recently some schemes have been proposed for experi− mental verification [13] [14] [15] [16] [17] [18] [19] . The acceleration of free elec− trons by laser fields was also discussed separately [15, 17, 18] . A different approach leading to acceleration of charged particles has been described in Refs. 20 and 21. The strong electromagnetic field concentrated near the cylindrical or spherical surfaces in conditions of the whispering−gallery− −mode resonance is able to accelerate an electron to the significant kinetic energy, especially when the accelerating set has a form of array of dielectric spheres.
In an acceleration process, apart from such parameters as electric field intensity or wavelength, polarization is one of the most important characteristics of laser radiation. In order to establish the mechanism of laser−particle inter− action, three polarization states are usually discussed. In the case of linear polarization, the parameters of the beam interaction with the mater depend upon the polar− ization direction. In the case of circular polarization, these parameters are time averaged, i.e., not optimal from the point of view of either minimum loses or maximum absorption. In the case of radial polarization, the electric field intensity vector has a component parallel to the laser beam axis.
On the other hand, if an appropriate static magnetic field is externally applied, the electron can gain significant en− ergy [22, 23] . Also, it can retain considerable energy in the form of cyclotron oscillations even after leaving the laser beam [22] [23] [24] [25] [26] [27] . Hence, a magnetic field also plays a crucial role in the electron acceleration in vacuum. Electrons mov− ing in the magnetic field B are deviated from straight trajec− tories by the Lorentz force perpendicular to their direction. The electrons enter circular orbits with the radius R C . This is called the Larmor or cyclotron radius of an electron.
It is well known that a planar laser pulse alone cannot be used for electron acceleration, since when it overtakes an electron the latter is ponderomotively driven forwards in the rising part, but then backwards in the trailing part, resulting in no net energy gain by the electron. During the interaction of an intense laser with plasma, a magnetic field is genera− ted and cyclotron resonance occurs between the electrons and the electric field of the laser beam and as a result the electrons are effectively accelerated to the high energies [28] . This type of resonance interaction was suggested as a mechanism for accelerating electrons to the relativistic energies [29, 30] .
Direct acceleration of electrons in vacuum as a result of interaction with a laser beam has received still increasing at− tention [31] . The ponderomotive deflection of electrons subjected to the electromagnetic field of an intense laser beam may significantly increase the electron energy. When laser intensity is very high, an electron can be captured within the high intensity laser region and can be accelerated to GeV and TeV energies [29, 30] . In order to deflect already accelerated electrons from the laser beam, the external static magnetic field can be applied in the (x, y) plane perpendicu− lar to the beam axis. Alternatively, a proper optical system can be used to extract the accelerated electrons from the laser beam [32, 33] .
We have studied electron acceleration by laser fields in vacuum, which was established to eliminate the difficulties associated with the plasma acceleration sets [31] . In this pa− per, electron trajectories and energies, as a result of interac− tion of circulary clockwise polarized laser as well as a maser [34, 35] beam in the presence of a static axial magnetic field in vacuum, have been studied. For simplicity, we have used continuous beams with a plane homogeneous cross−section. The purpose of the paper is to show electron trajectories un− der various parameters of electromagnetic and magnetic fields of laser as well as maser beams. Additionally, the im− pact of the parameters on the electron energy gain has been discussed. Most of the obtained results can be applied even for the case of the real pulsed laser beam since dimensions of the studied trajectories can be chosen to be smaller than the cross−section in a focus area of experimental lasers or masers [36] . As it can be seen from the references attached below, the studies connected with charged particle acceleration were carried out very intensively. Researchers have used many methods and approximations to achieve the useful solutions. Most of them used numerical methods. We were successful in deriving useful solutions without any approximations and using them to analyze same basic features of the laser and magnetic field impact on the electron acceleration. This paper is organized as follows, the equations go− verning electron dynamics have been formulated and also the analytic solutions have been derived by the authors. The derivation procedure is attached as an Appendix. Numerical results presented in Sect. 3 are obtained directly from ana− lytical expressions for trajectory coordinates and for elec− tron energy. The results have been presented in the graphi− cal form. The analytical expressions have been verified us− ing the well known Runge−Kutta technique to solve the original dynamic equations. Finally, a brief discussion of the results is given in Sect. 4.
Equations for electron trajectories and kinetic energy
In this section we derive analytic trajectories for a free elec− tron moving in a plane−wave laser field and an externally applied strong uniform magnetic field aligned in the direc− tion of propagation of the laser field. The electron dynamics resulting from interaction with these fields we have ana− lyzed in the case of a circular polarized electromagnetic monochromatic wave in the lossless conditions [37] . 
where p, q, and m 0 are the momentum, charge and the rest mass of the particle, E and B are the electric and magnetic field strengths of the electromagnetic wave, c is the velocity of the electromagnetic wave, V is the particle velocity, and B z is the external static magnetic induction in direction along the z coordinate and 
where
The solving procedure of these equations is presented in the Appendix. As a result we obtained uncomplicated ex− pressions for trajectory coordinates in the form of (sin sin ),
The action of combined electric and magnetic fields, in case of circular polarization, is rather complicated to de− scribe. In order to clear the problem, let us see for linearly polarized laser beam. An electron will be accelerated from the rest by the electric component of the laser field and will start moving in the negative x direction following the turn− −on of the laser. However, from this moment, on the elec− tron, will start to act the bending effects of the magnetic component B of the laser field and the static magnetic field B z will start to influence the electron. The component B will tend to bend the electron trajectory around the y axis while the component B z will tend to make the electron follows a helix around the z axis. The result of these combined ac− tions is the helical trajectory with superimposed wiggles.
In order to analyze some features of the obtained trajec− tories, it is convenient to express the coordinates in a form 
and
In the case of hypocycloid, the parameter m > 1 and the parameter n h giving the number of concave bows is defined as
However, when 0 < m < 1, the obtained curve is found to be of epicycloid type and n e gives the number of convex bows during a single cycle of the electron rotation around the z axis. In this case, this number equals to n m e = -1 1 1 ( ).
The hypocycloid curves appear when the parameter m = 3/2, 5/4, 7/6 … and epicycloid curves appear when m = 2/3, 4/5, 6/7 … and the curves have 3, 5, 7 … concave or 2, 4, 6 … convex bows, respectively ( Figs. 1 and 3 ). The number of bows indicates the number of maxima, the electron ener− gy or velocity achieves during a single rotation around the axis. When the magnetic field B z is such that the m values differ from the above mentioned, no regular and static epicycloids or hypocycloid curves occur.
The expressions above show that when B z increases, the wiggle number decreases.
Graphical presentation of calculation results
The results in the graphical form have been obtained by us− ing analytical solutions which have been derived by the au− thors [Eqs. (3), (4), (7), and (8)]. Since we were not able to find similar analytical solutions in the literature, we decided to perform their verifications using the well known Runge− −Kutta procedure. We have used this procedure to solve the initial differential dynamic equations and to compare the re− sults with the ones obtained using our analytical expres− sions. The comparison shows identical results concerning the trajectories as well as energy of electrons. At this point we admit that most of the authors, especially in recent publi− cations, use the above mentioned numerical procedure in or− der to solve dynamic equations and to analyze the problem of electron acceleration in the laser beam. Figure 1 presents the calculation results illustrating electron trajectory in three dimensional (x, y, z) space, trajectory pro− jection (of the hypocycloid type) onto the (x, y) plane, and distance along the z axis vs. time dependence under interac− tion of an axial magnetic induction in circular polarized la− ser beam, defined by the wavelength and the amplitude E 0 of the electric field. For ultrarelativistic electrons, the value of the magnetic component of the force acting on the electron is comparable to that of the electric component. The electron velocity vec− tor starts to increase in a transverse direction. At this mo− ment, due to the action of the magnetic field, the electron is subjected to a violent change in the direction of motion. This illustrates the impact of the external static axial mag− netic induction applied in the direction of a circular polar− ized laser beam on the parameters of electron trajectory of the hypocycloid type in three dimensional (x, y, z) space [ Fig. 1(a) ]. In order to understand the electron motion better, we have also plotted the projection on the (x, y) plane shown in Fig. 1(b) . The trajectory projection on the (x, y) plane has been obtained, when E 0 = 10 12 V/m, l = 10 mm and indi− cated the magnetic induction B z . The transverse component of the position vector of the electron will gyrate around the forward direction at a rate of w c /2p (cyclotron frequency).
Influence of laser beam and magnetic field on electron trajectory and energy
At the same time, the electron will be advancing forward at the speed V z . As it can be seen, the three−dimensional trajec− tory [ Fig. 1(a) ] is not of the shape of a perfect helix. The ap− pearance of the wiggles is connected with a complex effect of the magnetic, electric fields, and the initial conditions.
The special value of B z > 0 (directed along the laser beam) is selected to ensure that the obtained projection has a regular form of hypocycloid. In this case, the parameter n h , is an integer number. In this kind of motion, an electron con− tinuously moving in the z direction after each cycle always returns to the point of the same x and y coordinates. At the used parameters, the coordinates x and y are significantly smaller than z coordinate and this difference is more pro− nounced at larger B z . The dimensions of the trajectories in (x, y) plane are subjected to variation depending on B z value. Figure 2 shows the kinetic energy of electrons in time for a relativistic case at the conditions of hypocycloid. The effect of oscillation in kinetic energy of an electron is shown in Fig. 2 . The frequency of the wiggles appearance in the electron trajectory is the same as the electron kinetic energy oscillation frequency. Additionally, it was found a rather small influence of the magnetic field on the kinetic energy, which rises with the increasing amplitude E 0 of the electro− magnetic field (it is not shown in the figures). After the en− ergy achieves maximum, it falls to the very small value since the V z component diminishes. Now, we shall look what kind of changes one encounter when direction of B z is the opposite with respect to the di− rection of laser beam propagation (B z < 0). We shall look at this case closely since it is interesting from the point of view of acceleration effect. In Fig. 3 , the curves illustrate the im− pact of the magnetic induction B z < 0, applied axially in the laser beam, with a circularly polarized electromagnetic wave. At certain values of B z , in this case, the projection of trajectories onto the (x, y) plane has an epicycloids shape. It is shown the impact of B z on the parameters of electron tra− jectory in three dimensional (x, y, z) space as well as its pro− jection onto the (x, y) plane, when, as before, E 0 = 10 12 V/m, l = 10 mm for increasing the magnetic induction B z . The se− lected values of B z < 0 are chosen to ensure the obtained projections have the regular epicycloid form, it means that parameter m has one of the values of among m = 2/3, 4/5, 6/7 …In this case, the parameter n e is an integer number (2, 4, 6…). In this kind of motion, an electron continuously moving in the z direction always return after each cycle to the point of the same x and y coordinates. If the m parameter differs from the above values, the shapes are no longer regu− lar. The x and y coordinates are significantly smaller (they oscillate and do not rise like the z coordinate) than the z co− ordinate and it is more pronounced as the acceleration ac− tion proceeds and at the larger B z . The dimensions of the tra− jectories in (x, y) plane are now varying for the considered values of B z between 0.06 and 0.2 mm. Figures 1 and 3 show that variation in ±B z results in variation not only in the trajectory size but in its shape as well.
This contrary directed static magnetic field results in substantially different effect on the electron behaviour. As the static magnetic field increases, the shape of the electron trajectory significantly changes. At high magnetic fields, the electron is launched along a helical path with a periodically increasing and then decreasing transverse radius of the pitch. This oscillation shows decreasing frequency with B z rising. Figure 4 depicts the impact of B z < 0 on the kinetic ener− gy [calculated using relation (A16)] of electrons and its vari− ation in time for a relativistic case. In this case of B z direc− tion, as it has been shown in above presented figures, the projection of trajectory onto the (x, y) plane has an . This effect has been found to be even stronger if the larger amplitude E 0 of electromagnetic field is applied (it is not shown in the figures). The kinetic energy shows the oscillations in time. The oscillation period becomes larger when magnetic field increases and at the fields around 1000 T, the oscillation period was found to be very large. This is a result of the resonance conditions are approaching, where the energy gained by the electron is known to be very significant. Figure 4 shows the possibility of obtaining the energies at a level of few tens of GeV or even TeV. In order to achieve a level of TeV, at the same laser intensity, the in− duction of a static magnetic field (of the order of 1 kT) should be raised but only by a relatively small value [com− pare Figs. 4(b) and 4(c) ]. That means the accelerator is ap− proaching the resonance conditions which could be achieved by gradually rising magnetic induction. How− ever, disadvantage of this lays on the rather large path of acceleration required to get such a large value of energy (Fig. 5). 
Influence of maser beam on electron trajectory and energy
Additionally, in Figs rized plane electromagnetic wave in the microwave region with an axial external static magnetic induction. In order to re− duce the space occupied by this paper we shall omit the draw− ing of the trajectories in this case as their shapes and the de− pendence on the accelerating fields resemble the above shown figures. We just give an example. Fi− gure 6 shows the trajec− tory dimensions in this case. Attention should be directed to the units describing the electron trajectory dimension, because the dimensions appear to be significantly larger, of the order of centimetres. The accele− ration distance is now of the order of tens of centimetres. In order to achieve the maximal energies depending on B z , the accelerated electron should travel at least through tens of meters.
We have analyzed the case of wavelength of 1 mm, smaller amplitude of electric field than for laser beam and much reduced magnetic field.
In Fig. 7 , there are depicted the examples showing that in order to achieve a significant energy by a charged particle it is not necessary to apply a large static magnetic field to the maser beam. GeV or even TeV energy can be obtained with magnetic induction of the order of few Tesles. Larger values of amplitude of electric field in maser beams seem to be al− ready achievable experimentally.
And finally, since the high power lasers of much shorter wavelength are also available, in Fig. 8 we show the accele− ration of an electron by presenting the time dependent en− ergy gain in these kind devices (800 nm). However, one can find technical problems with achieving the high energies since it requires very high intensity of the electric field as well as extremely high intensity of the magnetic field. In the example presented in Fig. 8(a) , the moments when the z component is not rising (V z = 0) are clearly shown. The x and y velocity components were found to be much smaller than the z velocity component (we did not show in figures), which approaches the velocity of light. There are some ex− ceptions since the z velocity component oscillates and there are the moments when it is of zero value. However, at low laser beam intensity, this component even at maximum does not achieve the high values. 
Basic features of a charged particle dynamics in a laser

Conclusions
We have derived relativistic trajectory expressions for a sin− gle electron in the presence of the combined effects of the laser and magnetic fields, without any restrictions on the strength of the magnetic field and the intensity of the laser. Our system consists of a single electron, the charge −e and the mass m, subjected to a monochromatic, plane−wave laser field propagating in the positive z direction. In addition, a uniform magnetic field of the strength B z pointing along the z component is applied. We have shown that in the superintense laser field and a strong magnetic field, the elec− tron trajectory is a helix (with superimposed wiggles) around the common direction of the laser and magnetic fields. At certain conditions satisfied, the projection of the trajectory shows the superimposed bows of different lengths. We have presented a selection of interesting results that emerged from our simulations of relativistic dynamics applied to a charged particle moving in a laser or maser beam with an external axially directed static magnetic field. time dependence of particle's energy. The importance of the analytic solutions lies in the fact that it leads to a deeper insight into the problem at hand, and hence to a better understanding of the physics involved. In a particle's motion, as one can expect, the crucial role plays the laser or maser beam intensity. Variation in E 0 re− sults in changes of the trajectory and velocity of a particle. The increase in E 0 causes a proportional increase in trajec− tory dimensions and a particle's velocity. Characteristic dif− ferences in particle moving along a hypocycloid and epi− cycloid projections of the trajectories are the possibility of achievement of a very high energy gain by a charged parti− cle in the latter case and also it can be seen that in both cases, the circulation occurs in the opposite directions.
We found that at some specially selected values of the static magnetic field B z , the projections of the trajectories onto the (x, y) plane do not change in time in spite of pro− ceeding circulations, which means that their shapes in each cycle appear to be the same. We call these trajectories or their projections as the stationary ones. In order to discuss the trajectory shape we have introduced two parameters m and n e (epicycloids) or n h (hypocycloid), the values of which are connected with the intensity of the applied axial static magnetic field. The parameter n e or n h should be the integer in the case of stationary trajectories and such values appear only at certain well defined intensity of static axial magnetic field. When the parameter m > 1, the trajectory projection onto the (x, y) plane appears to be of the form of hypocycloid type and it occurs at the certain, well defined intensity of static axial magnetic field. In this case, the pro− jection of trajectory is a closed curve of finite number of concave bows, the number of which is n h (3, 5, 7….) during one cycle of the electron rotation around z axis. However, if the condition 0 < m < 1 is fulfilled, then at defined values of the parameter m giving integer value of n e (again at the cer− tain well defined intensity of static axial magnetic field) the projection of the trajectory is a closed curve of finite number of convex bows, the number of which is n e (2, 4, 6…). In this case, the projection is stationary and it is of the epi− cycloid form (Fig. 3) . When the parameter n e or n e is not an integer, the hypocycloid or epicycloid are no longer of sta− tionary form at each following cycle of circulation, the par− ticle's rotation starts from more or less shifted point on the (x, y) plane.
We present the results in a graphical form, which show the impact of the externally applied axial magnetic induc− tion B z on the shape and dimensions of the trajectories when the amplitude E 0 of electric field intensity of electromag− netic wave is assumed to be constant. It has been shown that the increase in the magnetic induction B z results in the re− duction of the trajectory dimensions. It follows from the figu− res that through changing the direction of the applied mag− netic field B z , as well as its intensity and maintaining the E 0 to be constant, it is possible to change not only the trajectory dimension but the shape as well. The trajectories can show a different number of bows in a single cycle of rotation. Through changing the above mentioned parameters B z and E 0 , one can also change velocity and acceleration of the charged particles (it is not shown in the figures).
The change in the behaviour of a particle, arising from changing the magnetic field to the reverse direction, can also be achieved by maintaining the same direction of B z but accelerating a particle of the opposite charge. The same ef− fect one can expect to occur by changing the direction of cir− cular polarization of an electromagnetic wave to the oppo− site direction of rotation of electric and magnetic vectors.
Impact of an axial static magnetic field on the kinetic en− ergy of an electron has also been studied and the results are presented in the graphical form (Fig. 7) . It is well known and easy to understand that the increase in the electric field amplitude E 0 results in the increase in the particle's energy gain. The presented figures show that the axial magnetic field even at E 0 being constant can play the same role. From figures describing kinetic energy variation with time, one can see that energy is subjected to oscillations and that this phenomenon depends on B z . The oscillations have been found to reflect the motion of the particle. Figure 7 indicates that in order to achieve larger kinetic energy by a particle it is not necessary to apply magnetic field of large intensity in the maser beam case. Energy of the GeV and even TeV level is reached, as it can be proved by obtained curves concern− ing a maser beam, even by using magnetic induction of the order of a few Tesla. However, a rather large intensity of maser beam is required. We show that the dramatic change in the electron trajectories, as a result of the near resonance conditions being met, is accompanied by tremendous net energy gains by the electron from the radiation field. In the case of a laser beam, Fig. 4 shows a possibility of achieving a large kinetic energy by electrons, however, it requires the application of rather high magnetic fields and long path of electron acceleration. For example, on the basis of our solu− tions, using only simple arithmetics, one can calculate that an electron exposed to a laser beam with E 0 = 10 12 V/m, and in the presence of a magnetic field of strength of~1070 T af− ter 2 ms gains~1 TeV, however, in order to accelerate to this energy, the path around a half of kilometre is required (not shown in figures). In order to reduce this distance and the magnetic field intensity, a laser with elevated beam intensity should be used.
The above presented conclusion proves that the obtained results can be of a value in giving more complete under− standing of complicated phenomena concerning the interac− tion of the charged particles with the external magnetic field in the laser or maser beams and applications of this phenome− non [38] [39] [40] [41] . From the expressions obtained in this paper, concerning dynamics of a charged particle, one can draw some other conclusions applicable to many other waves, for instance the wave can be of the form of superposition of two or more waves of different parameters and polarization.
It is interesting to note that the shapes of presented in this paper trajectories differ from these given in Ref. 30 , probably because of the differences in equations as well as in calculation parameters applied in spite of the fact, that as in our case, the laser beam was also a plane−wave with a sudden switch on/off. We understand that a laser pulse may be best modelled by the Gaussian−Hermite (G−H) or Gaussi− an−Laguerre (G−L) beams, and that a plane−wave descrip− tion which is used in our study is only approximate one. Nevertheless, the idealized plane−wave description we found to be advantageous since it seems to be very useful to perform derivation of accurate analytic solutions for a charged particle motion and its energy. We are aware of the real laser beam being pulsed and not homogeneous, but the obtained trajectory dimensions can be found to be small enough to be regarded the beam as quasi homogeneous and in some cases the acceleration duration may lay within a sin− gle pulse duration. Conversely, the more complicated G−H or G−L description can only be applied exactly in numerical simulations, or else it may be useful in connection with many (well justified) approximations. We believe that on the basis of the obtained results, it becomes more conve− nient to carry out numerical calculations of more compli− cated acceleration systems using for instance the well known Runge−Kutta method. We used this method to per− form the verifications of the obtained expressions.
In summary, we would state that to the best knowledge of the authors of this paper, for the first time, we present the simple and accurate analytical solutions of the original, well known dynamic equations describing the charged particles motion under influence of the laser radiation beam and the static magnetic field. This enabled us to discuss some inte− resting features of the particle's trajectory and the process of its acceleration. The solution is restricted to the continu− ously operating circularly polarized laser beam having the form of the plane homogeneous wave. The solution method could be also applied to another polarization or direction of the applied external magnetic field. r 
and w is the electromagnetic wave angular frequency. In a complex system, consisting of an electromagnetic field and a static axial magnetic field, the following vectors are essen− tial r r E E E B B B B 
It is easy to show that ( 
Equation (15) enables to find the kinetic energy value from the following formula
